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ABSTRACT 
We give an evaluation of a trigonometrical sum which plays a key role in a proof 
by H. Mint of a conjecture of R. F. Scott. 
The following lemma is a “key auxiliary result” in the paper of Mint [l]. 
LEMMA. Let t and n be integers, 0 < t < n. Then 
cos[ (2k- l)tv/n] 
’ l-cos[(2k-l)a/n] 
=+(n-2t). (1) 
REMARK. Here, and elsewhere, all summations run from 1 to n, except 
when otherwise indicated. We shah also write 8,= +(2k- l)r/n. 
Mint proves (1) by appealing to summations given in the collection of 
Jolley [2]. We shall gi ve an elementary evaluation which is essentially 
self-contained. We begin with two proofs of the case t =O of the lemma: 
2 csc20k=n2. (2) 
The first (Stembridge’s) proof of (2) depends on properties of special 
triple diagonal matrices, especially the fact that the characteristic values of 
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the nXn matrix 
0 -1 
‘. *. 
-1 0 -1 
-1 0 
are &cos[kn/(n+l)], k=l,2 ,..., n. (See e.g. Rutherford [3, first paper, p. 
2301 or Todd [4, p. 1561.) Th e characteristic values of (I- $ A2) - ’ are 
thereforecsc2[ka/(n+1)], k=l,2,...,nandso,ifwedefinea,by 
then 
a, = x csc2 5 =t41-32)-1 (3) 
If we can show that 
x csc2e, =a2n_l -a,_l. (4 
(Y”=+(n+2), (5) 
then (2) follows from (4). 
If we write E=diag[l, -lr...,(-l)n-l]=E-l, then 
(Z-+A2)-1=4(2Z+A)-1(2Z-A)-1=4(2Z+A)-1[ E-‘(21+A)E]? 
It is known that (2Z+A)-i is a symmetric matrix C=[C,,~] such that 
c,,l=i(n+l-_i)(n+l)-‘, i<i. (6) 
(see e.g. Todd [4]). Hence 
(Z-;A2)-1= 4CE-‘CE=4&, 
where C= [( - l)i+i ci, i]. Since C, e are symmetric, we have 
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We can evaluate the double sum in (7) using (6) and the facts that 
E((-l)Y=$(-l)“n(n+l). 
Write 
Then 
i-l i-l 
x (-l)~c&=I-q(-l)ij~(,+l-i)~(,+1)-2 
j-1 ‘E 
Similarly 
i (_l)j,&= (-l)‘i2(n+l--i)(n+2-i) 
‘31 
i-i 2(n+1)2 . 
(8) 
(9) 
00) 
Adding (9), (10) and substituting in (8), we get 
a =4~(-l)‘i(n+l-i)(-l)‘[i(n+2-i)-(i-l)(n+1-i)][2(n+1)2]-1 n 
=4~i(n+l-i)[n+l][2(r~+l)~]-~ 
=2(n+l)_‘2 [(n+l)i-P] 
=$z(n+2). 
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The second (Todd’s) proof of (2) uses elementary theory of equations. 
Since, if 7 = tan 8, 
nr- 
tan&= 
( ) 
3” 73+... 
l- ; 72+... 
( > 
’ 
it follows that the roots of 
l_ ; p+... =o ( 1 (11) 
are tan&, k-l,2 ,..., n. Hence the roots of the equation reciprocal to (ll), 
C”- c 1 n-2 ;C +.**=o, 
are ck=cotBk, k=1,2 ,..., n, and so 
xc:=(zct)l-2( ~~ckcl)=02-2[ -(a)]=n2-n, 
k#l 
which gives 
~csc20k= x(1+-c,2)=n2, 
which is (2). 
We now note that the relation (1) is equivalent to 
c sin2 tt?, - =nt 
sin’ 8, 
(12) 
because of (2). 
A schoolboy “proof’ of (12) is to cancel out numerator and denominator 
in the summand to get 
C, t=nt. 
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We prove (12) by recalling the trigonometrical identities 
sin t/l 
[--I 
2 
sin 8 
291 
=$ 1+2cos28+. * * +2cos2(V-l)e] 
where the a’s are certain integers. (This is really the FejCr kernel.) If we now 
put 8 = 0, in (13) and sum with respect to k, we get (12), because 
for r=l,...,n-1. 
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